The dynamics of a single population with non-overlapping generations can be described deterministically by a scalar difference equation in this study. A discrete-time BevertonHolt stock recruitment model with Allee effect, harvesting and hydra effect is proposed and studied. Model with strong Allee effect results from incorporating mate limitation in the Beverton-Holt model. We show that these simple models exhibit some interesting (and sometimes unexpected) phenomena such as the hydra effect, sudden collapses and essential extinction. Along with this, harvesting is a socio-economic issue to continue any system generation after generation. Different dynamical behaviors for these situations have been illustrated numerically also. The biological implications of our analytical and numerical findings are discussed critically.
Introduction
After the introduction of earliest discrete sequence -Fibonacci sequence in 1202 in "Liberabaci" -a book about the abacus, by the famous Italian Leonardo di
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Pisa, better known as Fibonacci, many pioneering works have been done by many researchers to develop the theoretical aspect of difference equation as well as its applications in different real life problems. Poincaré and Birkhoff, the two great mathematicians have contributed significantly to the modern theory of difference equations. In [1] , Poincaré studied the asymptotic representation of solutions of nonautonomous linear difference equations. The formal theory of analytic difference equations has been established by Birkhoff and his collaborators [2, 3] . Wimp and Zeilberger [4] applied Birkhoff theory to compute the asymptotics of special functions and combinatorial identities. The study of the asymptotics of combinatorial identities was greatly facilitated by Zeilbergeré algorithm by which one can produce a second-order difference equation that represents a given combinatorial identity [4] . Another area where difference equations have played a prominent role is numerical analysis. Here one would approximate a given differential equation, through a discretization method, by a difference equation. However, these discretization methods may lead to instabilities and sometimes chaotic behavior. To remedy this situation, Mickens introduced a nonstandard discretization scheme which is dynamically consistent [5] [6] [7] .
Difference equations appear as natural descriptions of observed evolution phenomena because most measurements of time evolving variables are discrete and as such these equations are in their own right important mathematical models. More importantly, difference equations also appear in the study of discretization methods for differential equations. Several results in the theory of difference equations have been obtained as more or less natural discrete analogues of corresponding results of differential equations.
The study of rational difference equations of order greater than one is quite challenging and rewarding because some prototypes for the development of the basic theory of the global behavior of nonlinear difference equations of order greater than one come from the results for rational difference equations. However, there have not been any effective general methods to deal with the global behavior of rational difference equations of order greater than one so far. Therefore, the study of rational difference equations of order greater than one is worth further consideration see [37] [38] [39] [40] [41] [42] [43] .
After the pioneering studies of Lotka [8] and Volterra [9] , predator-prey interactions were studied extensively and will continue to be one of the dominant themes in ecology due to its universal existence and importance [10] . Nowadays, mathematical ecology along with the experimental ecology represents an important tool for the development of quantitative theory to describe predator-prey interactions. In population dynamics, there are two kinds of mathematical models: the continuous-time models described by differential equations or dynamical systems and the discretetime models described by difference equations, discrete dynamical systems or iterative maps. The population size of any species may have a fixed interval between generations or possibly a fixed interval between measurements. For example, many species of insect have no overlap between successive generations, and thus their Interplay between strong Allee effect population evolves in discrete-time steps. When the size of the population is rarely small or the population has non-overlapping generation, the discrete-time models are more appropriate than the continuous ones. Discrete-time models can also provide efficient computational models of continuous models for numerical simulations. The need for a discretization of continuous-time models also arises from the fundamental realization that nonlinear ordinary differential equations generally do not have analytic solutions expressible in terms of a finite representation of elementary functions. Technical discretization is required to calculate good analytic approximations of the solutions [11] . Jang and Elaydi [12] showed that a non-standard discretization scheme preserves the global stability of a disease-free equilibrium and the local stability of an endemic equilibrium of the corresponding continuoustime SIS epidemic model. In addition, Izzo and Vecchio [13] and Izzo et al. [14] introduced a variation of the backward Euler discretization called mixed type formula and showed that their scheme preserves the positivity and boundedness of the corresponding continuous-time population dynamics model. Based on their ideas, Sekiguchi [15] studied the permanence of a special class of discrete SIR epidemic models and some discrete epidemic models with delays by applying techniques in [16] . Recently Jana [17] shows more complicated dynamics in a two-dimensional predator-prey interaction with prey refuge in discrete dynamical system than its continuous counterpart [18] .
One-dimensional maps have been very often used as models of population dynamics. Despite its apparent simplicity, it is well known that they can exhibit a rich dynamics [19] [20] [21] . The well-known Beverton-Holt and Ricker functionals are the prototypes of the equation under this biological assumption. Allee effect, that is, there is a critical population size (Allee threshold) below which the population cannot survive [22, 23] . Allee effects occur when the per capita growth rate of a species is initially an increasing function of population size. Allee effects may occur due to a variety of causes ranging from mating limitation, predator saturation and anti-predator defense, etc. In many practical situations, besides the natural death rate of the population, there are other factors that increase the mortality; two clear examples are exploited populations of animals or plants and the control of nuisance and invasive species. From the point of view of human needs, the exploitation of biological resources and the harvest of population are commonly practiced in fishery, forestry and wildlife management. Extensive and unregulated harvesting of marine fishes can lead to the depletion of several fish species. Concerning the conservation for the long-term benefits of humanity, there is a wide range of interest in the use of bioeconomic modeling to gain insight into the scientific management of renewable resources like fisheries and forestries. Many authors [24] [25] [26] [27] [28] [29] 36 ] studied population dynamical models under constant rate of harvesting and they showed how to classify the possibilities of the quantitative behavior of the solutions to locate the set of initial values in which the trajectories of the solutions approach to either an asymptotic stable equilibrium or an asymptotically stable limit cycle. The hydra effect is a term recently coined by Abrams and co-authors to define a seemingly paradoxical increase in the size of a population in response to an increase in its per capita mortality [30] .
Along with these three different biological phenomena, viz. Allee effect, harvesting and hydra effect we shall propose and study a one-dimensional map. More specifically we redefine a Beverton-Holt type map which incorporates Allee effect, harvesting and hydra effect simultaneously which come together in the rest part of this study.
Model
Let x t be the population size of a species at any time t, t = 0, 1, 2, . . . . Under the assumptions of the classical Beverton-Holt stock recruitment model, the population size evolves from generation t to generation t + 1 and which is governed by the following difference equation:
where λ and k are positive constants. The equation shows the same simple asymptotic dynamics as the continuous-time logistic model [31] . If the intrinsic growth rate λ < Now we need two modifications of this model on this way.
Model exhibits strong Allee effect
On the population ecology, Allee brought attention to the possibility of a positive relationship between aspects of fitness and population size. This phenomenon, frequently termed as the Allee effect, has been the focus of theoretical and experimental studies over the past decades. He observed that goldfish grew faster in water which had previously contained other goldfish than in water that had not [32] . Further experiments with a range of species showed that larger group size or some degree of crowding may stimulate reproduction, prolong survival in adverse conditions (through resistance to desiccation or by social thermoregulation) and enhance protection from toxic reagents [32, 33] . Allee saw these phenomena as "automatic cooperation", believing that the beneficial effects of numbers of animals present in a population represented a fundamental biological principle [33] . Odum [34] referred "Allee principle" as the concept of "undercrowding or lack of aggregation". Thus, Allee effect is a phenomenon in biology characterized by a positive correlation between population density and the per capita population growth rate in very small populations. That means, there must be a lower threshold population density below which the population cannot grow. Suppose now the Allee effects are incorporated into the model. Specifically, let
denote the probability of an individual successfully finding a mate to reproduce or a cooperative individual to exploit resources, where parameter 1 m > 0 is an individual's searching efficiency. Then Eq. (1) with the Allee effects becomes
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Theorem A ([35]). Assume that
is a sufficient condition for the asymptotic stability of the difference equation
Dynamics of solutions of Eq. (2)
In this section we study some qualitative behavior of Eq. (2) such as local stability, periodicity and boundedness character of solutions of Eq. (2).
Local stability of the equilibrium points
Here we study the local stability character of the solutions of Eq. (2). The equilibrium points of Eq. (2) are given by the relation
which gives
When x = 0, we get ∂f (x) ∂u = 0, then the equation is locally stable and when x = 0, we see that by using Eq. (3): 
2 < 4km} holds.
Boundedness of solutions of Eq. (2)
Here we study the boundedness nature of the solutions of Eq. (2).
Theorem 2.2. Every solution of Eq. (2) is bounded.
Proof. Let {x n } ∞ n=0 be a solution of Eq. (2). It follows from Eq. (2) that
Then the sequence {x n } ∞ n=0 , is bounded from above by λ k .
Existence of periodic solutions
In this section, we study the existence of periodic solutions of Eq. (2). The following theorem states the necessary and sufficient conditions that this equation has periodic solutions of prime period two.
Theorem 2.3. Equation (2) has prime period-two solution if and only if
Proof. 
Subtracting (4) from (5) gives
Since p = q, it follows that
Again, adding (4) and (5) yields
It follows by (6), (7) and the relation 
By substituting in Eq. (6) we obtain
Now it is clear from Eqs. (8) and (9) that p and q are the two distinct roots of the quadratic equation
and so
Therefore inequality (i) holds. Second suppose that inequality (i) is true. We will show that Eq. (2) has a prime period two-solution.
Assume that 
We see from inequality (i) that
which equivalents to
Therefore p and q are distinct real numbers. Set x 0 = q. We can show that x 1 = p and x 2 = x 0 = q. Then it follows by induction that
Thus Eq. (2) has the prime period-two solution
where p and q are the distinct roots of the quadratic equation (10) and the proof is complete.
Taking λ = 4 and k = 0.3, Fig. 2(a) exhibits the dynamical behavior of the population in system (2) with respect to long range of Allee threshold m. Moreover 0 equilibrium point is stable (green dash line) throughout the range of m. At the lower range of m, two fixed points x 1 and x 2 are distinct and then x 1 is locally stable (green solid curve in Fig. 2(a) ) and x 2 is source (red solid curve in Fig. 2(a) ). After that the distinct two fixed points x 1 and x 2 coincide and becomes a source (red solid curve in Fig. 2(a) ) and from now 0 equilibrium point becomes globally stable forever. Figures 2(b) and 2(c) are the time evolutions of system (2). Figure 2(b) shows when m = 2, then 0 and x 1 equilibrium points are locally stable, whereas Fig. 2(c) shows when m = 5, then 0 equilibrium point is globally stable.
Constant rate harvesting
Economic progress and ecological balance always have conflicting interests. Harvesting is a frequently used process to exploit biological species for the necessity of human beings and the society, in general. Therefore, reasonable harvesting policies is indisputably one of the major, interesting and dominating problems from ecological as well as economical point of view. The exploitation of biological resources and harvest of population species are commonly practiced in fishery, forestry and wildlife management. Concerning the conservation for the long-term benefits of humanity, there is a wide range of interest in the use of bioeconomic modeling to gain insight in the scientific management of renewable resources like fisheries and forestries. The most simple strategy to express species harvesting in ecological modeling is when the resource population is harvested at a constant rate. This is represented by γ(t) = γ, where γ is being a constant. The drawback of the constant harvesting rate function is that it is independent of the density of the harvesting stocks. Another harvesting strategy is based on the catch-per-unit-effort (CPUE) hypothesis and it is represented by γ(t) = qγx t in a ecological modeling, where q is the catchability coefficient, γ is the constant external effort and x t is the density of the harvested stock. Normalizing the unit of effort by setting q = 1, we rewrite γ(t) = qγx t as γ(t) = γx t . The second modification is a strategy of harvesting assumes that a percentage γx t of the population is removed at every period
Local stability of the equilibrium points
Here we study the local stability character of the solutions of Eq. (11). The equilibrium points of Eq. (11) are given by the relation 
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Let f : (0, ∞) → (0, ∞) be a function defined by
When x = 0, we get ∂f (x) ∂u = 0, then the equation is locally stable and when x = 0, we see that by using Eq. (12): 
Global attractivity of equilibrium x = 0
For every set of initial conditions x −i , x −i+1 , . . . , x 0 ∈ I, the difference equation (11) has a unique solution x t ∞ t=−i . Then the equilibrium point is a global attractor if for all x −i , x −i+1 , . . . , x 0 ∈ I, we have
Boundedness of solutions of Eq. (11)
Here we study the boundedness nature of the solutions of Eq. (11).
Theorem 2.5. Every solution of Eq. (11) is bounded.
Proof. Let {x n } ∞ n=0 be a solution of Eq. (11). It follows from Eq. (11) that 
Existence of periodic solutions
In this section, we study the existence of periodic solutions of Eq. (11). The following theorem states the necessary and sufficient conditions that this equation has periodic solutions of prime period two.
Theorem 2.6. Equation (11) has prime period-two solution if and only if
and
Subtracting (13) from (14) gives
Again, adding (13) and (14) yields
It follows by (15), (16) and the relation 
By substituting in Eq. (15) we obtain
Now it is clear from Eqs. (17) and (18) that p and q are the two distinct roots of the quadratic equation
Therefore inequality (i) holds. Second suppose that inequality (i) is true. We will show that Eq. (11) has a prime period-two solution.
Assume that
,
Therefore p and q are distinct real numbers. Set x 0 = q. We can show that x 1 = p and x 2 = x 0 = q. Then it follows by induction that x 2n = q and x 2n+1 = p for all n ≥ −1.
Thus Eq. (11) has the prime-period two solution
where p and q are the distinct roots of the quadratic equation (19) and the proof is complete.
If we take λ = 4 and k = 0.3, Fig. 3(A) shows the stability region of system (11) in mγ-plane where R i (i = 1, 2, 3) are three distinct regions in mγ-plane in which different equilibrium points exhibit different dynamics. Figures 3(i)-3(iii) are the time evolution of system (11) with different initial conditions along with different (m; γ) combinations from different stability regions R i in Fig. 3(A) .
Census timing and the hydra effect
The phenomenon of an increasing population size in response to an increase in the per capita mortality rate was named the hydra effect by Abrams and Matsuda [30] in allusion to the mythological beast that grew two heads to replace each one that was removed. Paper [30] has reviewed the mechanisms underlying the hydra effect; in particular, this effect was observed in overcompensatory discrete population models when mortality precedes density dependence, both when the positive equilibrium is asymptotically stable, and in systems that cycle. In the former case, the hydra effect means that the positive equilibrium gets larger as the mortality parameter increases. The third modification of this model is to incorporate the hydra effect. The hydra effect is a term recently coined by Abrams and co-authors to define a seemingly paradoxical increase in the size of a population in response to an increase in its per capita mortality [30] . One of the simplest models where this effect can be observed is a modified version of Eq. (2), namely,
Local stability of the equilibrium points
Here we study the local stability character of the solutions of Eq. (20) . The equilibrium points of Eq. (20) are given by the relation
now denote
Therefore it follows that
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When x = 0, we get ∂f (x) ∂u = 0, then the equation is locally stable and when x = 0, we see that by using Eq. (21): 
holds.
Boundedness of solutions of Eq. (20)
Here we study the boundedness nature of the solutions of Eq. (20) . 
Existence of periodic solutions
In this section, we study the existence of periodic solutions of Eq. (20) . The following theorem states the necessary and sufficient conditions that this equation has periodic solutions of prime period two.
Interplay between strong Allee effect Theorem 2.9. Equation (20) has prime period-two solution if and only if
Subtracting (22) from (23) gives
Again, adding (22) and (23) yields
It follows by (24) , (25) and the relation 
By substituting in Eq. (24) we obtain 
Now it is clear from Eqs. (26) and (27) that p and q are the two distinct roots of the quadratic equation
Therefore inequality (i) holds. Second suppose that inequality (i) is true. We will show that Eq. (20) has a prime period-two solution.
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time evolution of system (20) with different initial conditions along with different (m; γ) combinations from different stability regions R i in Fig. 3(A) .
Discussion
In this paper, we have investigated from ecological point of view the effects of a strategy of constant effort harvesting, which is usually employed in fisheries [44] . For it, we have considered a discrete one-dimensional model with density-independent survivorship of adults and overcompensating density dependence. It is clear that exploited populations exhibit changes in their abundance in response to harvesting. Moreover, both empirical and theoretical observations have demonstrated that these changes are often unexpected and counterintuitive. We identify the range of the survivorship and harvesting parameters for which this paradoxical effect occurs when the positive equilibrium is stable, and we provide some numerical results when the equilibrium is unstable. Overall, we conclude that the hydra effect is quite frequent in the population model considered when the survivorship rate is not too high. Moreover, the hydra effect occurs for all positive initial conditions, so it is a highly observable phenomenon. On the one hand, assuming that harvesting occurs prior to breeding, the population abundance can get larger in response to an increase in the harvesting effort, thus exhibiting the hydra effect recently reviewed by Abrams and Matsuda [30] . On the other hand, in this paper, we discussed global stability, boundedness, and the solutions for some special case like the system which executes prime period solutions. There are very convenient results to compare the ecological aspects of such a system.
